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I. INTRODUCTION

Under Subcontract RL-30107 of Contract NAS 9-858, Avco-
RAD has undertaken a study of various methods of solution of the
flow fields over blunt bodies. Interim results of this study
were presented in Reference 1. A program for the determination
of the flow of equilibrium air over a blunt body at zero angle
of attack has been submitted to NASA MSC and is described in
Reference 9. A comparative analysis of the methods of integra-
tion in current use led to the selection of the method of inte-
gral relations as most suitable for the determination of three-
dimension%l flow fields. A computational procedure employing the
method of integral relations has been developed which is relevant
to the moderate angle-of-attack range of interest.

The conclusions of the comparison of integration methods
and the formulation of the method of integral relations are
presented in this final report. Attention has been given to
the configuration(gngggﬁgzgzding streamline, which yields
sufficient information for the integration procedure to be
properly posed. Emphasis has been placed on obtaining a rela-
tively simple method of computation in order to minimize pro-
gramming difficulties, while at the same time retaining a level

of approximation adequate for engineering purposes.



IT. REVIEW OF TWO-DIMENS IONAL AND AXISYMMETRIC SOLUTIONS

Several approaches to the blunt body flow problem at zero
angle of attack are established theoretically and have been
reviewed to determine their suitability for the angle-of-attack
problem. Most of these approaches are summarized in Chapter 6
of Hayes and Probstein. They consist of various approximate
techniques for integrating the inviscid equations of flow in
the subsonic or subsonic-supersonic region. A complete inte-
gration covers the flow field up to the limiting characteristic -
that is, the characteristic (or characteristics) farthest down-
stream which intersects the sonic line - since disturbances in
the supersonic flow may otherwise affect the subsonic region
through the sonic line. 1In order to provide input for method
of characteristics calculations, it is necessary to extend the
integration somewhat downstream of the limiting characteristic
in order to avoid computational difficulties near Mach 1.

Expansion techniques valid near the axis of symmetry and
the like are useful, but many terms in the expansion series
are required to give sufficient detail for flow field prediction.
The inverse problem has been treated successfully by several
authors. 1In this approach, a shock shape is assumed and the
integration is then carried out as if the problem were of the
initial value type. Using initial conditions computed at the
specified shock, the equations are numerically integrated in
some manner until the computed value of the stream function
vanishes, say; this locus of points is the resulting body shape.
Since such a procedure is not mathematically stable when applied
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to elliptic (in this case, subsonic) systems of equations, either
a smoothing technique must be employed to remove oscillations

and irregularities from the solution, or some other method must
be used to avoid the instability.

Zlotnick and Newman , among several papersu’s’6 employing
the same basic concept, solved the inverse problem by a straight-
forward finite-difference method. They smooth out unwanted
oscillations by systematic fitting of polynomials. Vaglio-Laurin
and Ferriu also treat the "transonic' region between the sonic
line and the limiting characteristic in a consistent manner by
integrating along characteristics.

Garabedian and Lieberstein7’8, an adaptation of whose method
for equilibrium air appears in Reference 9 and has been submitted
to NASA MSC, introduce a complex transformation which, in a sense,
alters the nature of the equations of motion from elliptic to
hyperbolic, thereby circumventing the instability problem. The
integration from the shock to the unknown body is carried out
in the complex domain, and the results are then projected onto
the real plane. The stability of the procedure is rooted in
the possibility of analytically continuing the functions into
the complex domain.

The direct problem, in which the body shape is given and
the flow field, including the shock, is solved for, has been
treated by Emmons et al.lo using a streamtube technique. Initial
approximations to the shock shape and body pressure distribution
are assumed, and the resulting flow field is determined by the

streamtube relations. An iterative scheme is employed to correct

the shock shape and pressure distribution until the difference
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between two successive solutions is slight.

All the methods described above can in principle be gen-
eralized to the case of a blunt body at angle of attack. A
perturbation technique can be formulated for small angles of
attack, as has been done by Vaglio-Laurin and Ferri4 for the
finite-difference marching procedure, although they present no
results. Swigartll perturbs the equations of motion in the
small angle of attack and at the same time develops a solution
in the form of a series expansion valid near the axis of
symmetry of the shock wave (i.e., near the stagnation line).
The angle of attack perturbation permits the dependence on the
meridional coordinate to be eliminated, and the series expan-
sion results in a set of ordinary differential equations that
are integrated inward from the given paraboloidal shock.
Swigart's results for zero angle of attack agree well with ex-
perimental and other theoretical results for spherical bodies
and ellipsoidal bodies of moderate eccentricity, even up to
the sonic point; however, his expansion procedure would not be
expected to be accurate for blunt bodies with relatively small
corner radii, unless many terms in the series were retained.

Swigart observes that his computed body (dividing) stream-
line at angle of attack differs from the streamline that passes
through the point where the shock is normal to the free stream
vector--in other words, the body entropy is not the maximum
entropy in the flow field. The important question of the body
entropy is still a matter of controversy and is discussed in

Sections IV and V.




12,13
The direct solution of Belotserkovskii is based on

the method of integral relations formulated by Dorodnitsynlu.

The flow field between the body and the shock is split up into

a number of equally spaced strips, and the equations of motion
are integrated from the body to each strip boundary. Polynomial
expressions are assumed for the dependent variables in the
direction normal to the body; upon substitution in the integrated
equations, there is obtained a set of ordinary differential
equations for the coefficients of the polynomials in terms of

the coordinate along the body. These equations are solved with
assumed values of the stagnation point standoff distance and

the initial velocities at the strip boundaries, and the solution
is iterated so as to satisfy properly singularities which occur
at the sonic line. Traugottl5 and Holt]-6 have presented versions
of this method.

The papers of Bazzhinl7 and Minailos18 represent important
recent Soviet work in the field of blunt body flow at large angles
of attack. Both apply the method of integral relations with one
strip in the direction normal to the body, Bazzhin to the two-
dimensional flat plate problem and Minailos to the problem of
a yawing axisymmetric body. Vaglio-Laurinlg, in addition to
his treatment of the application of the PLK method to the calcu-
lation of blunt-body flows, presents an analysis similar to
Bazzhin's for asymmetric two-dimensional shapes. Both Soviet

authors make allowances for the possibility that the dividing

streamline does not pass through the normal point of shock,
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but do not furnish the additional condition necessary for its
determination. Bazzhin summarizes the results of his calcula-
tions, which were performed with the initial assumption that
the dividing streamline did pass through the normal point on
the shock. He notes that for angles of attack sufficiently
large ( > 30°) that his resulting solution indicated that the
initial assumption on the dividing streamline was incorrect,
it was not possible to iterate the solution in order to obtain
successive values of the entropy on the body.

A comparison of the various methods developed for zero
angle of attack flows, with a view to determining the most
suitable approach for the calculation of flows past axisym-
metric bodies at large angles of attack, reveals that the in-
verse methods are conceptually simplest. With the problem of
mathematical stability almost completely resolved, there is
little difficulty in sketching the broad outlines of an inverse
technique, in which the equations of motion are integrated in
a step-by-step marching procedure starting from the given shock
and working toward the unknown body. A look into the details
of the numerical method, however, is rather discouraging. A
preliminary investigation of the Garabedian and Lieberstein
method, for example, showed that the problems involved in
formulating a method for integrating the equations in the com-
plex domain were much more formidable than expected, and the
approach was abandoned. Essentially a three-dimensional finite-

difference method would have been required. Such a method would
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have tied up considerable computing machine storage capacity
and would have been difficult to program, inasmuch as no
previous programming experience on problems of that type was
available. It was also recognized that the selection of the
proper shock shape associated with a desired body would require
a certain amount of experience, particularly for large angles
of attack. The same objections applied to other inverse tech-
niques. Although it would undoubtedly be possible to program
one of these techniques, it would suffer from the same diffi-
culties associated with the three-dimensional method of charac-
teristics - excessive computing time, the laborious specifica-
tion of input, and the constant attention of someone closely
familiar with the program.

Attention therefore has been centered on the direct
methods. The streamtube method appears undesirable both from
the aspect of its formulation for three dimensions and from
certain computational problems caused by the lack of accuracy
in computing streamline curvatures numerically. The method of
integral relations has the advantage that the variation of pro-
perties in the direction normal to the surface is taken into
account through expansion in series and integration, so that
there remains only the variation in two surface directions.
Furthermore, the meridional variation can be approximated by
Fourier series. Finally, the method allows a systematic treat-
ment of the sonic surface, and the integration can be extended
downstream to provide input for calculations of the supersonic
flow. For these reasons, the method of integral relations has

been adopted for the three-dimensional flow problem.
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II11I. CONFIGURATION OF THE DIVIDING STREAMLINE

Consider a cylindrical coordinate system (m,na , &)
with velocity components (v, u, w), located at the stagnation

point with % - axis perpendicular to the surface (Figure 1).

51&7))47‘(’6 [ /0 fhf

Surface

Figure 1. Configuration of Coordinates at the Stagnation Point
Expanding in Taylor series,

a(®)r + d(é)n,;
b(e)r + e(e)n, (1)
f(e)r + c(&) n.

u
w
v
But £(& ) = 0 because v = 0 at n = 0, and c(®) = c = constant

because otherwise v would not be single-valued along the n -axis.

The vorticity

(Arw) —Ug v (2)
> = £ _ w v~ ’
Lr = I; ) LI A Un

in the ( »,4, & ) directions, or

- |2t - L)

&= |2b-a ¢ (e-d)T | e, L] (3)
Since the ¥ -component must be finite at r = 0, e - dg = 0; then
2b - a, = constant, since otherwise the vorticity would not be

single-valued.




The momentum equation gives p, = fa= pg = O because of the
vanishing velocity, and similarly the equation of conservation
of stagnation enthalpy gives h, =h = h, =0. Hence all

A

thermodynamic variables are stationary at the stagnation point.

The continuity equation then gives

V'§,= La +4, +tc =O

C))
and the vorticity equation gives
v X (‘ij,"—‘z)= ["(24*4‘9) (24-a,)
1
~f(26-2,) (45 5) + clecdy) 2 |
2 (5)
(24—¢5)4+Ce +(Jé"€’dé[)9 f—(cz—d)e :)
i (‘6‘““9)6 + (4+c)d] = o
Hen
- (zaf-#g)(lf“‘91=c(7_6—-a9) = o
or
7’&_“9 7 (6)
Also
(»t-25)(dteg) + c (esdg) =2
r
° €+de = o
(7)




But we showed above that e - de = 0. Hence e = de = 0. We

also have (b - a_)e + (a + c)d =0,

&
which gives 4 = 0.

Therefore, all three components of the vorticity at the
stagnation point are zero, and the velocity components in the
neighborhood of the stagnation point have the form

é)r,
é)r (8)

(o2 v )]
X A~

u
w
v
Thus the outflow velocity u and the cross flow w vanish along

the n -axis (r = 0) perpendicular to the body, and the stagna-

tion streamline is perpendicular to the surface.
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IV. FORMUIATION OF THREE-DIMENS IONAL PROGRAM FOR EQUILIBRIUM AIR

The coordinate system and basic equations employed in the
one-strip analysis for angles of attack have been presented in
Reference 1 and will not be repeated here. The same notation
will be used in the present report.

There follows an outline of the final equations and inte-
gration method appropriate for the one-strip method. 1In the
derivation of the initial conditions, use was made of the fact
that the dividing streamline is perpendicular to the surface at
the stagnation point (see the previous section). In the one-
strip approximation, the dividing streamline becomes a straight
line perpendicular to the body. This can be seen from the fact
that the velocity component &« lacks any linear dependence on
2 in the vicinity of the stagnation point, so that, to be
consistent with the linear approximation, it must vanish iden-
tically along the stagnation point normal. In addition, the
fundamental differential equation for « cannot be satisfied
at the stagnation point unless the value of « at the shock
point opposite the stagnation point vanishes.

It was therefore concluded that the initial shock angle
must be such that & =0, and that the body entropy has the
value associated with that shock angle. The problem then
essentially reduces to the determination of the proper values
of two parameters, the stagnation point location and initial
shock detachment distance, which will allow the solution to be

continued through the two sonic point singularities.
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In the following equations, 3 =

variables «, y (both =z 0)

/e .

and & ( £ % ), it was found to

In place of the

be more convenient to substitute the variables Ll, Y, 4 defined

by
}'+ y  above
l -y below

(in other words, a cartesian

Y:

body axis
(9)

body axis

rather than cylindrical coordinate),

f $§ above body axis
A = (10)
l m -8 below body axis,
and
[+u for 'Y = R, coo 4,
U = (11)
l-u for Y<R‘co—ad‘,,
where A _ = m~ g, Also define A4, = m~ &, The
function W is given by
2
wy)+ U (- Y + 2R, Cd"ﬂﬁa)}
Woe o3 i[ ] 2 (12)

v (Y)

- (‘Y -f?-R‘ cood,)

it

where the plus sign is selected for

sign for Y zR, covg, .

fZJVz
2 J

Y < R <4, and the minus

The equations of motion reduce to three ordinary differ-

ential equations for LQ_) A

(in this case an implicit function

of the variables at the shock), and €:
_ut . LdU d . A
[(' Z'*)?/’”‘“A,ﬂ?](, = ’I%“““ﬁ“v")*/’w]f,
cefaiaf {2 +i);/:up(g'+i}{z<é*;’,)7/r+/wf]s (13)

=F
M
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de (1s)

Here
by = H -+ U (Heboeils™) a6

(17)

=~
w

it

iy
)

e~
.
S

+

N
N

’¢ = r ('d(r) Sﬂ-) (equation of state of equi-
librium air given by curve
p (4 | Se)
Y

fﬁ fits with S, = constant),
(18)

]

a_ = a (ﬁ‘_)ja,) (curve-fit speed of sound).
(19)

The functions with subscript '"s'" are evaluated in terms
of the variables A by the equations

Lls = V;, wud + Vi o0 coo b

)

(20)
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(21)
Foo Vo mvic V
s = v, P (22)
Ps = feo ¥ [ Voo e v (waiv‘VM), (23)
2 . & 2
by = A + £ (WToTv =l 7), (24)

where v = A +J-a. The constants '0(,14,/’.,//%) and 4,,, are
input, and V,y is determined at each point by the Newton-Raphson
method so that /,,/6,/ and %s are consistent with the curve-
fit equation of state of equilibrium air /s = /’ (/‘;, 14”_,-)

The function A:A(Y)£o<4 < rr A(*Y):rr~A(Y)]

)
is defined as follows: . v
for IY/ < ,R' covo L\, ) A = co® 3{7)/

for IYI 7-Rl Cﬂﬂ,/A(Y/is either given in tabular

form as input (Y >o0), or, if a value of the input

-t Y + (1;"&1)‘”4’] for ¥ >0
Ra )

constant R, is given, A = ¢coo

n .
Here Ri, Ry, and 4, (r>4,>4,>% ) are input constants.

The following functions depend on a (Y):
R, For 1Y[< ~R.cova,
) R,_ for / Y/ > ‘Rl coo A‘ and R,_ 7;’ven

" (25)
= +°r /YI >—R, Cov 4‘ du& Rl— not 7;'0‘)‘
4A pud ,
ay
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R For |yl g -R cov 4,

© ——-—~Y for (Yl >-K, o4 (26)

cov A /

=

R, <b l4,-4f £or Y] 5 ~R, covd,

Y
¢y
o (8,4 4,) _ Y e Y>Rems,
_ YAChA - YBI co'vdoj Y;J&d r !
?’ - ' -R, cova,

. Y (27)
e b,~4, Y
Y ain ( ,+ YRICooAj for Y< K' covd,

cev A, .ou‘A
R, cov4,

Equations (3)-(5) are solved for Y ZRcess, U zo and for
Y <R, Ca'-'A,’U‘-‘—D. At the initial point 4 =4, , h’s = o, which
determines /\0 from equation (0), and S'er 5;0 = 5(/:,0/4,’) from
equations (23) and (24) and the curve-fit equation of state.
Also U, =0 at this point. The two unknowns are A, and e_ .

Since ;, = 0, equation (13) has an indeterminate form

at the initial point. The initial behavior of the function u,

is computed from the equation
U £ U, ' gde j
[{’ [/Q< * ){ JY 2_u D If;// € dam d(’+ )}

(+ ‘Fbr Y < R! CMAD ) _— ‘FO? Y P ?\’ cos Ao). (28)
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There will be two points, one in each direction, at which
either F =0 or /u{,,/"" a,_ ( whichever happens first). The
location of these points is determined in the following manner:

1) If F-—>o, the integration is carried out to the

point (Y = Y.) where F =o and stopped. The
quantity X
L,
d = (1~ z, " )F_.a (29)

is computed.
2) If |U,)>a, , the integration is stopped at the point

u 2
(Y= Y.) where (- ;:; 3‘/{/ a preset constant. The

parameters Y) ﬂ,) and C are determined from the

equation .
- Y =4 JIV-vi +C(V-Y) (30)
%

evaluated at the last three points of integration.

The quantity
dz_ = (F)Y:? (31)

is computed by extrapolation of F to Y=Y.

Initial estimates of &, and & are given by

) iR
L=
cn /‘,, Rl
€ = (32)

The differential equations are integrated and the two parameters

el

refers to Y > R, C0°Aa/

are evaluated ( ¢ = ( a as described above; '"+"

L: )

" "

- to Y <« P\, cov Ao). Next, a numerical

minimization procedure is employed to find the roots of d;* as

~16-




functions of 4, and €

P -

ing to the correct values of 4,

Finally, the solution pertain-

and €, is determined.
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1. 1In the second paragraph on p. 11, change "r" to "n" in the
fourth sentence.

2. Replace pp. 8-10 by the following:

IIT. CONFIGURATION OF THE DIVIDING STREAMLINE

Consider a cylindrical coordinate system (n, r, © ) with velo-
city components (v, u, w), located at the stagnation point with

n - axis perpendicular to the surface (Figure 1).

STRAGNATION POINT

Figure 1. Configuration of Coordinates at the Stagnation Point

We assume that it is possible to expand the velocity components
in Taylor series in r and n in the vicinity of the stagnation point:
v=£f(8)r +c(@)n,

u a(@)r + d(z)n,
w=D>b(g)r + e(&)n. (1)

But £( &) = 0 because v 0 at n =0, and c(&) = ¢ = constant

because otherwise v would not be single-valued along the n - axis.




The vorticity is given by

— u
g R el B N
in the (n, r, & ) directions, or
m
&= [ at-a, v (e-dg)y, me, 4] (3)

e d

. = ' . _ - —
The momentum eguation (?_ V); =z Vf gives /’n = /L)r fe 0
because of the vanishing velocity, and similarly the equation of
2-
conservation of stagnation enthalpy h + X% ¢ = H (constant) gives
h, = h, = ha = 0. Hence all thermodynamic variables -- in particular,
the density -- are stationary at the stagnation point by reason of
the equilibrium equation of state. The continuity equation then gives
> - V -0
PV EFVPED
or, since V/ﬂ = 0,
-) 7}
¢ = 2a¢fy, v + (d+eg) 2 =0 .

J
thus

zar'&e +c =o
/
(4)

d+ee =z o

- D
The vorticity equation is written in the form P« (?’X-ﬂ-)z Vx(}(- 'V/:)

Since the right-hand side vanishes,

Vx(vq:)x“&)): (5)715):0/ (5)




where

T= - [(Z.(r‘“e)(z Q+5-9) ~(2t -5, 6—] -—[cc+ (?‘4"“6)‘{
t(e-dg)at {(e-do)bt * (24-:((9)6 -Cdfa]i ‘[Ze“‘(a)e]g (%)?—
go + :— g’I *- (/l:-} ;l—/

17 = (Ire)e + (avc)e + 244 f—ze(di-ee)f = Yo +

nj

oy

7

g
[ = (2t g)e-td, ~(arc)dtre (e-dy) X 3 +£Jj

~

Using equation (4), 7L = 0 yields

'6"("’46 =o (6)

The equation f; = 0 becomes

2 4 (e-4o) =2,

so that

04

_(,‘ﬂ,‘ = O

(7}
Now (2b - aa) must be constant in order that the vorticity component

in the n-direction (equation (3)) be single-valued. The equation §;= 0

then implies

- = &4
24 % (8)

Differentiating equation (8) with respect to € and using the
first of equations (4) to eliminate b,, we obtain the following differ-

ential equation for a:

aae +f¥Yq +2.c¢ T O (9)




Let a(Q) = A, b(p) = 0 (assuming a plane of symmetry), a(’:r) =B
(A and B are the velocity gradients in two orthogonal directions away
from the stagnation point on the surface). Then equation (9) has

the solution

2 = A'__'*_.B v é-;B cov 28
2 > / (10)
where ¢ = -(A + B) and equation (8) yields
2-

for the cross-flow gradient.

The two-dimensional stagnation point is represented by the special
case B = 0. 1In general, the stagnation point has two axes of symmetry
on the surface (&= 0, TZ, ).

Examination of equation (7) and the second of equations (4) in
the same way yields

d = kel t b, w8,
6:“&':. Ml&*fjf,m&.

at 6= 0, equation (6) implies that e(0) = 0 = 4 If in addition

.
B # 0, then evaluation of equation (6) at 8 = 7 gives

d=ze =0
for all ©. If the stagnation point is two-dimensional, on the other
hand, this conclusion cannot be drawn.

In a three-dimensional flow, therefore, there are two alternatives.

First, the flow in the neighborhood of the stagnation point is analytic




(i.e., can be expanded in power series). Then unless B = 0, all
three components of the vorticity at the stagnation point are zero,
and the velocity components in the neighborhood of the stagnation

point have the form

u = a(e)r,
w = b(g)r,
v = ¢n, (12)

where a and b are given by equations (10) and (11). The outflow
velocity u and the cross flow w vanish along the axis perpendicular
to the body, and the stagnation streamline is perpendicular to the
surface. If B = 0, however (two-dimensional flow), this is not so,
and the stagnation streamline subtends an angle to the surface which
is dependent on the way it passes through the shock rather than on
conditions near the stagnation point.

The second possibility is that the flow does not have an ana-
lytic solution near the stagnation point. This possibility is re-
jected in the present context because it is inconsistent with the
assumption that the flow variables can be approximated by analytic

functions.




